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k–² Model for Predicting Transitional Boundary-Layer Flows
Under Zero-Pressure Gradient
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A modi� ed k–² model is proposed for calculation of transitional boundary-layer � ows. To develop the eddy
viscosity model for the problem, the � ow is divided into three regions: the pretransition region, transition region,
and fully turbulent region. In the pretransition region, because the turbulence does not yet attain its equilibrium
state in which the eddy viscosity is proportional to the distance from the wall, it is postulated that a viscous
sublayer structure prevails across the boundary layer so that the eddy viscosity is proportional to the cube of the
wall distance. Further it is assumed that as the turbulent spots which have appeared at the onset of transition
grow with the downstream distance in the transition region, dependence of the eddy viscosity on the wall distance
changes gradually from that in the pretransition region to that in the fully turbulent state. A universal downstream
variationof intermittency factor in the transitionregion is employed to represent such a transition eddy viscosity in
the transition region. In addition, the model constant C²1 in the standard k–² model is modi� ed to take into account
the particular characteristics of turbulence in the transition region. In the present test calculations, because the
governing equations are integrated from a point close to the leading edge in the pretransition region, the initial
and boundary conditions of k and ² at the onset of transition are automatically supplied. The proposed model
is applied to calculate three benchmark cases of the transitional boundary-layer � ows with different freestream
turbulent intensity (1–6%%) under zero-pressure gradient. It was found that the pro� les of mean velocity and
turbulent intensity, local maximum of velocity � uctuations, their locations as well as the streamwise variation of
integral properties such as skin friction, shape factor, and maximum velocity � uctuations are very satisfactorily
predicted throughout the � ow regions.

I. Introduction

I N the past aerodynamicresearcheson the laminar-turbulenttran-
sition problem, most attention has been paid to predicting the

onset point of transition rather than to investigating the transitional
� ow� eld properties. But with such limited information transitional
boundary-layer � ows are dif� cult to predict in many applications
such as the internal � ows in axial turbomachinery where the blade
transitional boundary layer occupies 40–80% of chord length,1

where freestream turbulence intensity is very high and where the
pressure gradient varies along the surface. A consequent large vari-
ation of skin friction in such an extended length of transition re-
gion affects the overall performance of turbomachinery.Especially
when the freestream turbulence intensity is high, the velocity � uc-
tuations caused by disturbances within the boundary layer interact
with freestreamturbulence,and theiramplitudegrows rapidlydown-
stream. The linear instability process caused by to natural transition
is bypassed, and only the nonlinear instability process prevails in
the pretransition region (from the leading edge to the onset of tran-
sition), which is often called the “bypass transition.” The present
study is aimed at predicting the transitional boundary layer caused
by the bypass transition under high freestream turbulent intensity.

Zero-equation turbulence models2 frequently have been used in
the calculation of turbulent boundary layers including transition.
However, such models cannot describe the turbulent � ow struc-
ture in the transitional boundary-layer � ows. In contrast, the one-
equation models3 give the information about the � uctuation scale
in the � ows. Both types of turbulencemodels use the intermittency
factor as a corrective function to the eddy viscosity in the transition
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region. In 1991–1993 the Ercoftac Special InterestGroup examined
various turbulencemodels to compare their performancein predict-
ing the downstreamvariationof skin friction in the bypass transition
problem.4 They concludedthat in order to correctlypredict the prop-
ertiesin the transitionalboundarylayerspecialtreatmentwas needed
in turbulence models and that even the Launder and Sharma’s5

model,which was foundas thebestperformerin the categoryof two-
equation turbulence models, gave unsatisfactorily too early transi-
tiononsetpointand tooshort transitionlength.In addition,its predic-
tion performancewas found to dependon the initial conditionsat the
leadingedge.One of the reasonsfor the incapabilityof two-equation
models was attributed to the anisotropyof turbulencethat cannot be
describedby the models. However, even with Reynolds-stressmod-
els that explicitly treat the anisotropy of turbulence, the predictions
still fell short of expectation.4;6 After 1990 the ever-increasingneed
for correct prediction of transitional boundary-layer � ows leads to
several developments of specialized computational models for this
problem. Young et al.7 adopted a laminar length scale and a ve-
locity jump in modeling the Reynolds shear stress in the transition
region.Steelant and Dick8 evaluateda conditionedaverageequation
for transitionalboundary layer. They devised a differentialequation
of the intermittency factor that was derived from an empirical cor-
relation of streamwise intermittency variation. Savill9 developed
a Reynolds-stress transport model, the Savill–Launder–Younis-°
model, where a modi� ed Cho and Chung’s10 differential intermit-
tency equation was adopted. He showed that SLY-° model yields
reasonable predictions of velocity � uctuations in the pretransition
region and the skin friction in the transition region.

Scrutinizing all of the existing models that have been used to an-
alyze the transitionalboundary-layerproblem, it was found that the
relevant physics of transition have not been taken into account in
the modeling process.Only one exception is, to the best knowledge
of the present authors, Mayle and Schulz11 who paid their atten-
tion to the pressure � uctuation term in the kinetic energy equation
that was considered as a driving force to amplify disturbances in
the pretransition region. Receptivity (that is the transformation of
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external disturbances into internal ones in the vicinity of the lead-
ing edge) is also included in their kinetic energy equation model.
Their model showed some improvement in predicting the pretransi-
tion region; however, it failed to calculate the transition region with
reasonable accuracy.

The main objective of the present study is to develop a new tur-
bulence model that can be used to calculate the whole transitional
boundary-layer � ow which consists of pretransition region, transi-
tion region, and the fully turbulent region. First, the eddy viscosity
model in the pretransition region is derived based on the physics
in the pretransition region. Second, because the transition region
bridges the pretransition region upstream and the fully turbulent
one downstream, it is assumed that a smoothly bridging function in
termsof the localmean intermittencyfactor can be used to model the
downstream variation of the eddy viscosity in the transition region.
Details of the modeling procedure are described in the Secs. II and
III, and samplecalculationsare given in Sec. IV to test the prediction
performance of the new k–² model developed in this study.

II. Modeling of Reynolds Shear Stress
In intermittent turbulent � ows the Reynolds shear stress is repre-

sented by1

ui u j D ° gui u j C .1 ° /gu i u j C ° .1 ° /1Ui 1U j (1)

where » and ’ denote the turbulent and the nonturbulent zone
averages, respectively. 1Ui D eUi

eUi is the “velocity jump” that
represents the mean velocity differencebetween turbulent and non-
turbulentpartat the same location.When i D j , this jumpcontributes
signi� cantlyto the increasein thenormalstressso that theanisotropy
prevails in the transition region, but in the case of shear stress when
i 6D j its contributionto the shear stress is negligible.12 Experimen-
tally, it is known that the � uid particles in a turbulent spot are in
a fully turbulent state and that most of the spots are generated at
the point of transition onset and grow with the downstreamdistance
until merging into a fully turbulent � ow region. Therefore, the fre-
quencyof appearanceof turbulentspots at a point in space is closely
associated with the intermittency factor at that point, and the local
intermittency seems to be nearly proportional to the average across
the stream. Therefore, it may be assumed that

° .x; y/ D °x ¢ °y (2)

in the transitional boundary layer. Here, °x is the streamwise varia-
tion of the near-wall intermittency, and °y is a representativeverti-
cal pro� le of intermittency. Then, substituting this assumption into
Eq. (1), it follows that

u i u j ¼ °x

©
°y gui u j C .1 °y /gui u j

ª
| {z }

Eddy viscosity

C .1 °x /gu i u j .i 6D j/ (3)

Pretransition Region (PTR)
Althoughthereare some � uctuationsin the streamwisevelocity,11

no turbulentspot exists in the pretransitionregionso that °x D 0, and
only the last term of right-handsideofEq. (3) remainsto be nonzero.
Then, to keep the analogy with the turbulent eddy viscosity model
in modeling the PTR Reynolds shear stress, we assume that

ui u j D gui u j

D 2ºPTR Si j .i 6D j/ (4)

where Si j D 1
2
.Ui; j C U j;i / and ºPTR D [V ]PTR[L]PTR . [V ]PTR and

[L]PTR represent appropriate velocity and length scales that are re-
lated to the momentum transfer in the pretransition region, respec-
tively. Here, we can simply choose

p
k as the PTR velocity scale

like that in the fully turbulent region. But in determining a [L]PTR

a rather crude assumption is made because relevant information is
dif� cult to experimentally collect within the extremely thin bound-
ary layer in the PTR. It is reasoned that the fully turbulent � ow
region is characterized by the appearance of the logarithmic equi-
librium layerwhere the eddyviscosityis proportionalto the distance

from the wall. Also note that the eddy viscosity in very-near-the-
wall layer in fully turbulent � ows is proportional to third power of
the wall distance.13 Therefore, because the equilibriumlogarithmic
layer does not yet appear in the PTR, viscoussublayerstructuremay
prevail across the boundary layer in the PTR, and consequently the
PTR eddy viscosity is assumed to be proportional to the cube of the
wall distance.From this reasoningwe propose the followingmodel:

ºPTR D CPTR.º=u¿ /
p

kyC2 (5)

where CPTR is a model constant and recall that k is proportional to
the squre of y near the wall. At the boundary-layeredge in the PTR,
it follows that

CPTR » k
C 3

2
1

¯
±C 2

1 ²C
1 (6)

where ±C
1 is the dimensionlessboundary-layerthicknessand kC

1 and
²C

1 are the freestream values of the turbulent kinetic energy and its
dissipationrate normalizedby the viscouswall scale. Hence CPTR is
dependent on the freestream condition. The functional dependence
is still in scrutiny. Compared with Mayle and Schulz’s11 model,
CPTR corresponds to C!, which depends on the freestream near the
leading edge.

Transition Region
Because °x 6D 0 here, the eddy viscosity (EV) part in Eq. (3) must

be modeled. Consider the case °x D 1:0. Then the EV part becomes
equal to the conventional Reynolds shear stress. The nonturbulent
shear stress in the EV part is different from that in the pretransition
region. A number of � ow visualizations14;15 reveal that the latter
stems from the downstream movement of nonturbulent � uid parti-
cles, whereas the former is caused by both the turbulent spots and
the entrainment of irrotational freestream � uids into the boundary
layer at its edge. Further consideration that the � uid in turbulent
spots is in fully turbulent state leads one to conclude that the rate
of momentum transfer as a result of the EV part in the transition
region is proportionalto the mixing level of the turbulent spots with
the remaining nonturbulent � uids. Therefore, we can assume the
following model:

EV D 2 fmixºT Si j .i 6D j/ (7)

where ºT is the conventional eddy viscosity model for fully turbu-
lent � ows and fmix represents the relative mixing level of turbulent
spots. Obviously the latter has the value of unity in turbulent � ows.
In many previoustransitionmodels a simple model fmix D 1 was fre-
quentlyused.2;3;7 However, it gives faster growth of skin frictionand
shorter transition length compared to experimental data. Sharma16

suggested that a � rst-orderfunctionof °x must be used to reduce the
discrepancy.Because the volume of � uid particles in fully turbulent
state is assumed to be proportional to ° 3

x , a third-order function of
°x in the following form was chosen to represent the relativemixing
level:

fmix D Cmix C .1:0 Cmix/° 3
x (8)

where Cmix is a constant to be determined later in the result and
discussion section. Finally, models of Eqs. (5) and (7) lead to the
following � nal form:

ui u j D ºTR Si j .i 6D j/ (9)

where

ºTR D °x fmixºT C .1 °x /ºPTR (10)

This implies that at least two length scales are present in the transi-
tionalboundarylayer,which hasbeenprovedtheoreticallybyVolino
and Simon17 and experimentally by Blair12 and Wang and Zhou.18

Now considerthe functionalformof °x . It was foundby an exper-
imental study that, in transitionregion,°x has a universalpro� le that
is independent of the freestream turbulence intensity and the pres-
sure gradient.19 And its empirical correlation was found by various
experiments20 in the following form:

°x D
»

0 if Rex < Rext

1 exp
£

On¾ .Rex Rex t /
2
¤

if Rex ¸ Rext

(11)
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where On¾ is de� ned as a spot formationrate and subscriptxt denotes
the transition onset point. These are dependent on the freestream
turbulenceand the pressure gradient. Under zero-pressuregradient,
their correlations are as follows1:

On¾ D 1:5 £ 10 11T u
7
4
t (12)

Reµ t D 420T u 0:69
t (13)

where T u t and subscript µ t denote the freestream turbulence in-
tensity and the momentum thickness at the transition onset point,
respectively.Here, Rext is the Reynolds number at the point where
the momentum thickness Reynolds number satis� es Eq. (13).

III. Turbulent Kinetic Energy and Its
Dissipation Rate Equations

For a steady incompressible � ow the exact equation governing
the transport of k is

U j
@k

@x j
D Dk C Tk C 5k C Pk ² (14)

where

Dk D ºk; j j ; Tk D .u j k/
; j ; 5k D .1=½/.u j p/

; j

Pk D u i u j Si j ; ² D ºu i; j u i; j

The production term Pk is evaluated with the Reynolds shear-stress
model developed in Sec. II, and the turbulent transport term Tk is
assumed to be the same as that in fully turbulent � ows. The viscous
diffusion term is evaluated exactly. Now consider the pressure dif-
fusion term. By Voke and Yang’s21 LES data on the normal stress
budget downstreamand their transitionscenario, the pressurediffu-
sion term 5k is negligibly small in both the pretransition and tran-
sition regions. It is only in the vicinity of leading edge where the
term exhibits nonnegligiblevalues. Therefore it affects the receptiv-
ity mechanism that initial disturbancesare generated and ampli� ed
near the leading edge. Because, however, its effects have not been
quantitativelywell understood, its direct modeling is omitted in the
present study. As the � uid � ows downstream, it is the Reynolds
shear stress (via eddy viscosity) that directly affects the growth of
disturbanceamplitude.By a small adjustmentof the model constant
in the turbulent transport term that is to be modeled with the eddy
viscosity, the effect of the pressure diffusion term may be taken
into account in the turbulent transport term. The preceding mod-
eling strategy yields the following model equation of the turbulent
kinetic energy:

Dk

Dt
D @

@y

µ³
º C ºTR

¾k

´
@k

@y

¶
C Pk ² (15)

where

Pk D ºTR

³
@U

@y

´2

.u 02 v
02/

@U

@ x
(16)

Here the difference of normal stresses is modeled as

u 02 v
02 D Cuv k (17)

When °x D 1:0 in fully turbulent � ow, Cuv must be about 0:33, and
when °x D 0 in the pretransition region, u 02 À v

02, then u 02 ¼ 2k.
Several simple correlationssatisfying these two extremes have been
tested, and a good approximate function was found to have the
following form:

Cuv D 0:33 C 1:67
¡
1 ° 3

x

¢
(18)

As for ² equation,theconventional² equationof the two- equation
model is used with ºT replaced by ºTR as follows:

D²

Dt
D @

@y

µ³
º C ºTR

¾²

´
@²

@y

¶
C C¤

²1 f1
²

k
Pk C²2 f2

²2

k
C E (19)

In the standard k–² model the second term in the right-hand side
in Eq. (19) is employed to keep the turbulent kinetic energy from
growing inde� nitelyas a result of the productionof turbulence.And

its model constantC²1 is determined to secure the logarithmic equi-
librium layer with the von Karman constantof 0.41. However, there
is no such equilibrium layer in the transition region, and therefore
the conventional value of C²1 should be modi� ed in order to rep-
resent the particular nature of turbulence in this region. As already
mentioned, the streamwise velocity begins to � uctuate in the PTR
that is not associatedwith dissipationmechanism of any noticeable
magnitude.This implies that the turbulentkinetic energy has grown
excessively up to the point of transition onset. Therefore it is nec-
essary to strongly damp the growing of turbulence for a while soon
after the advent of turbulent spots, which means that a larger value
than the conventional one must be assigned to C²1 in the transition
region. Here again a number of trials with various functional corre-
lations for C²1 havebeenmade, and the followingform was found to
reasonably reproduce the growth of local maximum of streamwise
� uctuations in the transition region:

C¤
²1 D C²1

©
1 C 0:1

¡
1 ° 2

x

¢
H .°x /

ª
(20)

Here, H is a Heaviside step function, and the model constants C¹,
C²1 , C²2 depend on the selection of standard turbulencemodel. The
last term E depends on the choice of the low-Reynolds-number
k–² model. For example, E D °x fmixººT .@2U=@y2/2 in Yang and
Shih’s22 model E D 0 in Nagano and Tagawa’s23 model. Here,
°x fmixºT is the turbulent portion of eddy viscosity in transition re-
gion. In the pretransitionregion the ºTR term becomes ºPTR, and the
E term vanishes because °x goes to zero. And the damping func-
tions based on fully turbulent � ows must be modi� ed to represent
the characteristicsof transitional� ows. In this case f1 D fPTR1 D 0:9
and f2 D fPTR2 D 1 exp. yC2/ were chosen to give the best pre-
diction of growth rates of local maximum � uctuation of u0 in the
pretransition region and to satisfy the wall behavior of the ² equa-
tion. Here, because the k and ² do not have any similarity in the
pretransition region unlike in fully turbulent � ows, the local turbu-
lent quantities using k, ² such as ReT , Rey , etc., must be avoided in
choosing the functionalvariable for damping in the pretransitionre-
gion.The boundaryconditionfor ² on the wall in PTR is determined
by applying Eq. (15) at the wall, which gives

²wPTR D ºk;yy (21)

In the transition region the turbulent spots in which the state
of turbulence is of a fully evolved one prevail, and the accelerated
growthof dissipationmechanismin the initial transitionregion leads
us to use the same damping functions f1 and f2 , as those used in
the fully turbulent region downstream. The wall condition for ² in
the transition region is given by a conditioned average, which is

²wTR D °x ²wT C .1 °x /²wPTR (22)

IV. Results and Discussion
The modelequationswere solvedwith a parabolicboundary-layer

code EDDYBL of Wilcox.13 The detailed information of the code
is provided in Ref. 13. The in� ow conditions to the pretransition
region was given at 10 mm downstream of the plate leading edge
with the following pro� les:

k D k0

³
U

U1

´2

; ² D max

»
²0I 0:3k

­­­­
@U

@y

­­­­

¼
(23)

where ²0 D k3=2
0 =l²0 and k0 and l²0 are the turbulent kinetic energy

and dissipation length scale of the freestream turbulence, respec-
tively. The turbulent kinetic energy k0 was given by the freestream
turbulence level at the starting x position and dissipation length l²0

was chosen to � t the experimentally determined decay curve of the
freestreamturbulence.To integratethe equationsright from the wall
boundary, a low-Reynolds-number k–² turbulence model must be
used. In the present study Nagano and Tagawa’s 23 model and Yang
and Shih’s22 model were chosen because they all use ² de� ned in its
standard form in k and ² equation.Nagano and Tagawa’s model is a
widely used model in industrial applications, and Yang and Shih’s
model has been developed based on DNS data.

Three test cases (J. Coupland, Applied Science Lab., Rolls–

Royce, Derby, England, United Kingdom, Dec. 1993, private com-
munication) were computed in the present paper. All of them
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are transitional boundary-layer � ows on a � at plate with a sharp
leading edge under zero-pressure-gradient condition. These exper-
iments have been taken as standard transitional � ows.4 The test
cases are denoted as T3AM (T u D 1:0%; U1 D 19:8 m/s), T3A
(T u D 3:0%; u1 D 5:2 m/s) and T3B (T u D 6:0%; U1 D 9:4 m/s).
Here T u denotes the freestream turbulence intensity at the leading
edge. Because the model constant CPTR depends on the freestream
turbulence conditions, appropriate value must be obtained directly
from experimental data. The value of CPTR used in the present
computations are 3:0 £ 10 5 for T3AM, 3:0 £ 10 4 for T3A, and
6:0 £ 10 4 for T3B, respectively.Further the model constantCmix in
Eq. (8) for fmix depends on the choice of turbulencemodel because
it is related to the damping function f¹, of which form is dependent
on the turbulence model used. The functional form of Cmix is

a) T3A case

b) T3B case

c) T3AM case

Fig. 1 Comparison of computed mean velocity pro� les with measure-
ments in transition region.

Cmix D CTM ¢ T u0:7
t

where CTM is a model constant and T ut is the freestream turbu-
lent intensity at the transition onset. CTM is 0:16 for Nagano and
Tagawa’s model and 0:10 for Yang and Shih’s model. Cmix dictates
the relative initial growth of turbulent phase at the transition onset.
Low-Reynolds-number models of Yang and Shih and Nagano and
Tagawawere tested in the presentstudy.The predictionwith Nagano
and Tagawa’s model gave a little better predictionof the growth rate
of skin-frictioncoef� cient (not shown); however, both models yield
nearly identical predictions in most cases, and the following results
are the predictionswith Yang and Shih’s model.

Figure 1 shows mean velocity pro� les in the transition region.
Mean velocity pro� les in the pretransition region are almost the

a) T3A case

b) T3B case

c) T3AM case

Fig. 2 Comparison of computed turbulent intensity with measured
pro� les of streamwise velocity � uctuation component in pretransition
region.
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same as the Blasius similarity solution and are not shown here. For
example, in the case of T3A all pretransitionmean velocity pro� les
are nearly same as the pro� le at Rex D 1:348 £ 105 in Fig. 1a. Also,
there appears a pro� le in each case where the freestream mean ve-
locity is different between the experiment and the prediction. The
reason is not clearly understood. It may be caused by the dif� -
culty in experimentallymaintainingthe freestreamvelocityconstant
throughout the measurement. Besides this difference, the computa-
tional results are in very good agreement with experimental data.

Figure 2 shows the velocity � uctuation pro� les in the pretran-
sition region. Streamwise velocity � uctuation u 0

rms of experimental
data and the computed turbulent kinetic energy

p
2k are compared.

In the pretransition region experimental measurements reveal that
the streamwise � uctuation component is predominantly larger than
the normal and cross� ow components so that it is possible to ap-
proximate as

p
2k ¼ u 0

rms . The present model gives very good pre-
diction of the � uctuationpro� les. Especially the predicted locations
of maximum � uctuations and its values are far better than those of
Mayle and Schulz’s model, which predicts the peak of the pro� les
much closer to the wall than the measurements.In all three test cases
the � uctuations are overpredictedby about 20% in the wall region,
y=± < 0:1. This is causedby the inabilityof our model to capture the
immature streakystructurenear the wall at low Reynoldsnumber. In
spite of these discrepancies, the agreement between the calculated
and the measured pro� les is remarkable.

The pro� les of streamwise rms velocity in the transition region
are shown in Fig. 3. Again, the predicted pro� les are those of

p
2k.

The streamwise location of the pro� les is at the position where the
local maximum of the streamwise rms velocity pro� le along the y
direction attains its maximum value during the laminar-turbulent
transition. In case T3A, the calculated

p
2k=U1 is larger by about

40% than the measured u 0
rms=U1, 20% for T3B, and about 50% for

T3AM in the core region, 0:2 < y=± < 0:8. Experimental data show
that v 0

rms ¼ 0:5u 0
rms and w0

rms ¼ 0:5u0
rms in the core of the boundary

layer. Therefore we have

2k D u 02 C v
02 C w

02 ¼ 1:5u 02

Then,
p

2k ¼ 1:2u 0
rms . From this it can be deducedthat the difference

between the calculated and the measured values is nearly negligi-
ble for T3B; it is about 20% for T3A and about 30% for T3AM. It
is found that the discrepancy increases with decreasing freestream
turbulent intensity. Especially in y=± < 0:2 of case T3AM where
the freestream turbulence intensity is relatively low, it was under-

Fig. 3 Pro� les of computed turbulent intensity with measured stream-
wise velocity � uctuation component in transition region at position
where the local maximum of u0

rms has the maximum: ——, calculatedp
2k and ±, measured u 0

rms .

a) T3A case

b) T3B case

c) T3AM case

Fig. 4 Pro� les of computed Reynolds shear stress with measurements
in pretransition region.

predicted by about 50%. Considering the fact that the anisotropy in
Reynolds normal stresses is strong and the natural instability pre-
vails under a low freestream turbulence intensity where Tollmien–

Schlichting frequency is detected, such discrepancy is attributed
to the basic assumptions of bypass transition and weak anisotropy
under which the present model has been formulated.

Figure 4 displaystheReynoldsshear-stresspro� les in the pretran-
sition region. Although the experimental data scatter very widely,
Fig. 4a of case T3A and Fig. 4b of case T3B show that the loca-
tion of maximum Reynolds shear stress and its value are reasonably
predicted.Also from Fig. 4c of case T3AM with even wider scatter
of the experimental data, it may be found that the tendency of the
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Fig. 5 Growth rates of the local maximum of u 0
rms .

Fig. 6 Comparison of computed variation of skin friction with mea-
surements.

growth of the Reynolds shear stress downstream is to some extent
in coincidencewith the measurement.

Figure 5 compares the predicted growth of maximum value of
the streamwise velocity � uctuations with those of Launder and
Sharma’s model. In cases T3A and T3B the linear growth is well
predicted.But, for case T3AM, while the maximum valuegrows lin-
early with Reynolds number, the growth is somewhat steeper than
the experimental data. Especially in the transition region the rapid
increase of the streamwise velocity � uctuations is nicely captured
to its maximum point.

Figure 6 displays the predictedand measured skin-frictioncoef� -
cients.PredictionsbyusingtheLaunderandSharma’s modeland the
Blasius pro� le C f D 0:664Re 1=2

x are also included for comparison.
As can be seen, the present predictions of the point of transition
onset, transition length, and its rate of increase during the tran-
sition are in almost perfect agreement with experiments, whereas
the Launder and Sharma’s model, which has been known as the
best model among all available two-equationmodels for analysisof
transitional � ows, yields too early onsets of transition and shorter
transition lengths.

Finally a comparisonbetween predictedand measured shape fac-
tors is shown in Fig. 7. It has been known that the shape factor is
2.6 for a laminar boundary layer and 1.4 for a turbulent boundary
layer. However, both the predictionsand the experiments reveal that
the shape factor decreasesnearly linearly in the pretransitionregion
(or conventionally called “laminar boundary layer”) under strong
freestream turbulence intensity like cases T3A and T3B. This sug-
gests that an effectiveeddy viscositymodel such as the present PTR
Reynolds-stressmodel must be employed even in the pretransition
region. But in the case T3AM the shape factor remains constant in
the pretransition region, and it was underpredictedby about 4%. It
begins to decreaseright before the transitiononset.The discrepancy
betweenthe predictionand the measurementfor this casearisesfrom

Fig.7 Downstreamvariationof computedandmeasured shapefactors.

the fact that case T3AM is close to the natural transition, which is
caused by Tollmien–Schlichting wave.

V. Conclusions
A new k–² model has been proposedfor an analysisof boundary-

layer � ows including transition phenomenon under appreciable
freestreamturbulenceintensity.To developthe model equations,the
transitional boundary layer is divided into three regions according
to their physical characteristics, namely, pretransition region, tran-
sition region, and fully turbulent region. In the pretransition region
it is postulatedthat the turbulencedoes not yet attain its equilibrium
state in which the eddy viscosity is proportional to the distance
from the wall, and thus viscous sublayer structure prevails across
the boundary layer so that the eddy viscosity is proportional to the
cube of the wall distance. At the onset of transition, the turbulent
spots appear, and the volume of the spots grow with the downstream
distance. Along with the development of small-scale eddies and
with the mixing between the turbulent spots and the nonturbulent
� uid particles with the downstream distance, the wave number of
the energy-containingeddies shifts from low- to high-wave-number
range so that two different scales switch over their signi� cance in
maintaining the turbulence structure in the transition region: one
is the molecular scale pertaining to the pretransition region, and
the other is the turbulent scale in the fully turbulent region. Con-
sequently, two length scales must be employed simultaneously to
describethe transientbehaviorin the transitionregion.To bridge the
two length scales pertinent to the two extremes, one upstream and
the other downstream, a universalmodel of streamwise variation of
the intermittencyfactorwas employed,which representsthe relative
mixing level of the turbulent spots in the transition region.

Three benchmark transitional� ows under zero-pressuregradient
with high freestream turbulent intensity (T u D 1–6%) were com-
puted with the present model, and their results were compared with
both experimental data and predictions by using the Launder and
Sharma’s model that has been assessed as one of the best two-
equation models for analysis of transitional � ows. Pro� les of mean
velocity, streamwise turbulent velocity � uctuations and Reynolds
shear stresses, and streamwise variationsof local maximum stream-
wise rms velocity, skin friction and the shape factor are compared
between predictions and the measurements. It was found that the
present model predicts satisfactorily the mean � ow� eld as well as
the turbulent properties throughout the transitional boundary layer.
Among the three cases, the one with lowest freestream turbulent
intensity was predicted with lesser accuracy by the present model,
which is attributed to the linear instability problem inherent in the
transition caused by the Tollmien–Schlichting wave. Even in this
case, however, all � ow properties are predicted with better accu-
racy by the present model in comparison with that of Launder and
Sharma.

Further investigation is needed to include the pressure gradient
effect in the present model equations to calculate the transition
problem. Also important is to � nd a robust low-Reynolds-number
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k–² turbulencemodel to which thepresentmodi� cationsare adapted
in order to analyze the transitional boundary layer in a wider range
of � ow conditions.
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